Osculating Sphere to a Parametric Curve

-

o Let C(s)=(x(s),y(s),z(s)) be a sufficiently continuous regular
parametric curve parameterized by an arc length parameter s

» Consider C(s,) and C(So +5)
« Taylor expansion:

2 3
C(s, +5):C(SO)+5T(SO)+5— +5—

C”
C(s,)
5° 5

—~ C(so)+5l'(so)+7 k(SO)N(SO)-I—ECm(SO)-I—...
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C"(s,)+ ...



Osculating Sphere to a Parametric Curve

-

Let V be a vector of length r so that C(s,)+V Is the center of
a sphere tangent to C(s,).

A point P is on the sphere iff ||C(s,)+V —P||=r.
Define A =|C(s,)+V —P| —r?

Assume P — C(So + 5) We want to find the conditions
under which C(s, + ¢ )is closest to the sphere.
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Osculating Sphere to a Parametric Curve

A=|C(s,)+V —C(s, +5) —r

- C(So)"'v_C(So)_éT(So)_?k(So)N(So)__C (So)
- V_N(SO)_%ZK(SO)N(SO)_%SC (30) 2_r2

_53(%\/(:"'(30)4(so)k(sO)N(so)j_...
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Osculating Sphere to a Parametric Curve

A=-26T(s, M +5(1-VK(s, N(s,))— 5{?#

= -25T (SO)\/ + 52(1—Vk(50)N (So ))

- lv
3

(=K (50 )T (50)+ k(50N (50) + k(56 ) (50 )BI(5, )
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Osculating Sphere to a Parametric Curve

—

c"(s)=(C"(s))
(k(s)N(s

)
k'(s)N(s)+k(s)=k(s)T(s)+z(s)B(s)
= —k?(s)T(s)+k'(s)N(s)+k(s)z(s)B(s)

o 1T Vk(sy)N(sy)=1 (or in other words V= N(s)/k(s,)) then

A =532V (=K3(s, T (5,)+ K'(5, N (S, )+ K(s, e, )B(S, )+ ..

3
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Osculating Sphere to a Parametric Curve

-

« Employing V N(s,)=1/k(s,) and VT(s,)=0 we have

A:53%[%+k(so)f(so)\/oB(SO))Jr...

 An additional requirement

k’(so)+ S, Jr(S, M - Bls, )=
o) s (s, -Bls) =0

provides contact degree four
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Osculating Sphere to a Parametric Curve

-

) (s, (s, -B(s, ) =0 implie

V= N(s,)- K'(5,) B(s,)=0

k(so) * (5o Je(s,)

» Question: What Is the intersection of the osculating sphere
and the osculating plane ?

 Hint: Let\\} =
terms of \\/? k(So)
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\ (sO ) What is (VN (50 ))|\| (30) in



