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Quick Introduction to the problem

* (fi)ies a set of of functions
S = [a1;b1] X [az;bz] X oo [an, bn]

* Find the solutions to :
fi — ki, ki (S R



Quick Introduction to the problem

Example of applications

Local minimum of a function f: Optimization under constraints:
daf min g
Ji =7 ” fisk;

fi=0
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|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

* Tensor product

* E,F vector spaces

* FQF tensor space: space that transforms each bilinear operator on
E X F in a linear operator

* Theorem 1:
(e;)ie1 basis of E and (f;) j¢; basis of F
A basis of EQF is (e;®f;) e jej



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

Example:

* P, (X,Y) space of bivariate polynomials of degree 2n
P, (X,Y) = P,(X) ® P,(Y)



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

* Bernstein multivariate polynomials

Let [ = (iq, 15, ...,1,) and
M= ((m{m,,..,m,)

Bernstein polynomials
O:m(0) = (p)t' (1 — )™

Bernstein multivariate polynomials:
O1Mm (U, ooy Up) = Hil,ml (Uq) - Hin,mn (un)



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

e Other notations

[ <Mifi; <my,.., i, <m,

nezZmez||nm|l={nn+1,..m}



|/ Sherbrooke, E. C., & Patrikalakis, N. M.
(1993).
S =|a,b]
* (fk)ke[|1,n)) Multivariate polynomials on uy, uy, ..., u, € S
*u; tox; € 10,1]

e M¥ = (my, m,, ...m,;) vector of degrees

*VEk, fi.(x) =0



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

e Recall Theorem 1:

* fi(®) = Xy W ()
* Fir.(x) = (x, fi,(x)) graph function

* Theorem 2: Fi(x) = X,k UIkO'I’Mk(X)
K

v; are the control points



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

e Sketch of Proof theorem 2:

L1
i o
U = T8, (6) ad 3 B (£)=0 i
[ ’UI = -
* Xj = ek Jl,c O Mk (x) in

m
] m,lfl/



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

* Theorem 3: F;,(x) € CH(V,k)

* Proof: ¢; = B, ,k(x), Xc; =1,¢2 0, F(x)=Yc; Vff

e Yk, f,(x) =0 = (x,0) € (n CH(V,")) N Xyeq



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

* Projected polyhedron intersection algorithm
* 1) B, = [0,1]™

Loop

* 2) Compute A= (N CH(F)) N Xpyq

« 3)A=A"x{0}

* 4) Find box B = [a{,b{] X - X [a,,, b,,] A" € B

* 5) compute new f;, values inside the unit cube

* 6) Update By

* 7) Compute new V¥

endLoop



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

* Projected polyhedron intersection algorithm

* Bounding Box generated by projection (7 (x), 5,41 (X))

e Converges locally linearly at best with O0(n*m™*1) operations per
iteration



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

* Linear programming root isolation algorithm
 Main difference: Generating the bounding box

* a; = minx; b; = maxx;
XEA XEA

e forall jand for all k (with m}‘ +0):x= ) Clkl_]k
J

[sMk M
. . L
* Fori=j: x;= ) c}‘m—‘k
I<sMk i

Find the 2n linear constraints on cff



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

* Linear programming root isolation algorithm

 We have for all k:

¢« Y cFf % = 1 (n equations)
IsMKk '
. ckwk = 1 (n equations
1 Wi q

IsMmk

~ =
|\~.
|l

e for all jand for all kK < n-1 (with m}‘ +0): ) c
IsMk
(max n. (n — 1) equations)



|/ Sherbrooke, E. C., & Patrikalakis, N. M: a
reduction approach

* Linear programming root isolation algorithm

* Finding the bounding box:
* Minimize c’u (u = (C}‘)Ik x;=c'u)

e Under constraints Cu = r

Converges locally quadratically with O(n°>m™ + n?m"™*1) operations
per iteration



1/ Elber, G., & Kim, M. S: a subdivision approach
using a tangent method

. (fk)ke[|1,m—1|] multivariate rational B-splines on u4, u,, ...,uU,;,_1 € S

* fre(w)=0

e Subdivision method:

e Recursive function returning a set of approximative solutions

S S
ul, nnn um_l



1/ Elber, G., & Kim, M. S: a subdivision approach
using a tangent method

e Subdivision method:

* Grid process: subdivision of this grid at each step until all solutions
are inside the small cell with certainty

e 7: tolerance of the cell, if the cell is smaller, we return its center

* Deleting a cell from the grid: use of the convex hull property



1/ Elber, G., & Kim, M. S: a subdivision approach
using a tangent method

* Two main questions:

* How to improve the solution from the grid process?

* How to be sure our cell is small enough (no two roots inside the same cell)?



1/ El
dp

oer, G., &

oroach usi

Kim, M. S: a subdivision

ng a tangent method

 u? solution found by the grid research

a(xy,z)=C

 Newton-Raphson approach, f one of the

Functions

* Graph surface F(u)=(u,f(u))

e x =W, uy,) ER™ gx)=F(u) —u

* ng? Tangent

Space?



11/ Elber, G., & Kim, M. S: a subdivision
approach using a tangent method

* np? Tangent space?

0fk
/ aul
fk

\7m1)

* Xg = (uo,f(uo)),x ETo<x—x%1n(x°)>=0

*np(x) =Vgx) =




11/ Elber, G., & Kim, M. S: a subdivision
approach using a tangent method

* Let T}, the hyperplane define by equation < x — x° ,ng, (x°) > =0
* First order approximation: x,,, = F;,(u) = 0
 We have n+1 linear constraints with m unknowns

* Newton Raphson: quadratic convergence near simple roots



11/ Elber, G., & Kim, M. S: a subdivision
approach using a tangent method

* When should we stop the subdivision?

e -if the box is too big : might have many roots
e -if the box is too small: we should use the Newton-Raphson method



11/ Elber, G., & Kim, M. S: a subdivision
approach using a tangent method
* When should we stop the subdivision?

* g'(u) = g(u, 0) implicit surface defined by constraint f

* Cfp : normal cone

* Crr:tangent cone

*XECrr,WECrp:<x,w>=0




11/ Elber, G., & Kim, M. S: a subdivision
approach using a tangent method
* When should we stop the subdivision?

* C¢r(u”): tangent cone centered on u’

 Theorem 3: m-1 implicit surfaces f;(u) = 0 in R™~1
*IfN; Cp.r = {0}, there is at most one common solution in this set



I1l/ Bernard Mourrain, Jean-Pascal Pavone:
preconditioning to improve reduction method

* (fi)ke[i1,s)) Multivariate polynomials on uq, Uy, ..., Uy € S

* using the same elements from the Bernstein multivariate polynomials
basis

* fr(uw)=0



I1l/ Bernard Mourrain, Jean-Pascal Pavone:
preconditioning to improve reduction method

* Two preconditioning steps

e 1) global transformation

» Change (fidkefns) 0 (e Dkefsi

* fx = Xbio;, |

* (fl\z,ww)ke[ll,sl:

frll2 :Z|bi|2

=Eigenvectors of the Gram matrix (G = (< fir fj >)ij)



I1l/ Bernard Mourrain, Jean-Pascal Pavone:
preconditioning to improve reduction method

* Two preconditioning steps

e 2) local straightening

a 0 b
* Used only if s=n )
* Level set orthogonal to the x; axis




I1l/ Bernard Mourrain, Jean-Pascal Pavone:
preconditioning to improve reduction method

* Reduction step

e New method:

m;(f,u) = min b; ;. : 0: .. .(u
)= T I BisieinBimy 0
* M_] (f) u) — Z max bil,iz,....ingij,mj (u)

0<ij<m; {igsdp,k#]j}



I1l/ Bernard Mourrain, Jean-Pascal Pavone:
preconditioning to improve reduction method

* Reduction step

* Projection Lemma:
vu,m;(f,u) < f(w) < M;(f,w)

» Sketch of proof:
* f(w) =X, 2, 20, bi iy, in0iym, U1) - Oi m, (Un)
c flw) < X max b i, in0i;m, (W Xy, o X, bigiy,...in Oiyymy (Ua) e O1 my, (Un)

0sijsm; {ix=sdy k+j}



I1l/ Bernard Mourrain, Jean-Pascal Pavone:
preconditioning to improve reduction method

* Reduction step

* Projection Lemma

vi,m(f,u) < fFw) < Mj(f,u)

e Sketch of proof:

flu) < Z max b i, .i,0i;m,; (W) 7 7 bi iy ..in0im, U1) .0 m (Up)

{ig=sdy.k+j}

Iy in

f(ll) < Mj(fru)

OSljSmj



I1l/ Bernard Mourrain, Jean-Pascal Pavone:
preconditioning to improve reduction method

* Reduction step

* Projection Lemma
vu, m;(f,u) < f(u) < M;(f,u)

e { =({1,¢y, ..., () root of f:
i < q; < ul: uj and u! are roots of ,m;(f,u) or M;(f,u)



I1l/ Bernard Mourrain, Jean-Pascal Pavone:
preconditioning to improve reduction method

* Reduction step
‘U S (< u: uj and u are roots of m;(f,u) or M;(f,u)

* We find the different u; and u Tf\\v_
; AN A

Comparision between both reduction method: convex hull
method (left) and projection method (right)




Conclusion

e Different methods:
e Subdivisions vs reduction methods

* Reduction method without preconditioning : not avoiding enough subdivision



